25.07. 2018

Arithmatic

Seminar
Tallc » 4

Unl'for./b( /):'sfrr'/)(,(h'on (moc[ Q

We congacler IR/Z (: [0, 4))
Let X = (xn)pem € ('R/Z)’N

For each 0<a<b<{

dep'ne. (PN as follow:
CPN(a,b) = l{n{N: X € {a/b)} /
Defination IF Lum j;\TCPN(a’b) = b-a  then

N—sw
X s gaicl tobe a um’{or«uy distributed se?uence.

Remark: (x,) s uniforuul d!'sl'rr'bufec// 0(€/R/7A
=y (Xn’fo{) AS -um'[oa,u\lj distributed (modf)-

IN
Remark: X :(x")newe IR 45 um’{orw(y clistributed

Atoditle 1+ & (x"'“"J)ﬂew :({x"})new ¢

anicorarly clistributecl.

Remarkt X = (x")nelN 's uniformly distriputect
Moclele 1 4 ixn : nelN} isdenge in [0,1).
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Remark: ( {20‘701) }) I's dense in [O,f)

neiN
Put ¢ (s '.'_‘Z_t An i{orm/j clistributec! .

Theorem: ( H-a)ejl)

IN
Let X = Ot Jpen € R . Then X is um'fawu,/j
clistributed _vocuilo 1 ‘ff  Vke X, we have

y N 2 X1 kx,
b L (4 = 0
00 N

n=1

N —

Example:  Let x€IR\ @ Congader x, =xn
N

2Xkan
Z_e - e ((Nt)x) = e(ka) :
=9 4 ’ 4
1 - e(er)
2712
e(Z) = e
4 Nh kT 2
1 1N 1
= ‘ N n=4 ‘ , < N l4-€(k«)l — 0
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ExamEle-' The se uence (‘e"j")nélN Is not
um'fOrml cistributecl

Sketch . ’nroo'[‘:
Recall -

IN
frlR—R  rec’, (0n)eR" o

t) 20

n<t

Zamc(n) A(x).(:(x) fA(t){(e)dé

14nx
2% Logt q
_F(f);-e [/ :{_.zxa , @ = 1
Z ¢ 2 11‘21‘[
1¢n <N ‘ij } T 0(203 N) 4 O(N)

14+ 2

IN
Lemma: Let Xe(m/z_«) . Then TFAE:
(@) X ﬁunt.fOerj distributed _roctulo 4

®) Vpe C(rf2) L. Z{(x fr(x)dx
(CPN(I).—.HnsN-x,,eI} i%(X))
(<) Vie 2(#/2), N*w 1 Z;(x jf(x)cfx
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proof: (c) =;(a) Is trivval (Just Im+ ,C:XI)
(8) = (c): X s um’formlj cistributed =,

(*) holds true for ary sfef: {unch'tm 5
S(") = zanxl,,(x)

Now (et {gj?\(lk/z)) €20 There exist
Step funchons on [o, 4) st oSS

ang j(fcx) s(9)dx < € -

For t EIN(s)c;N VN> N(&)

Zf(x) ~ jf(x)dx | <€

1

N
LY () - j FOx)dx = —-(Zux t(m)) ZN“"

n= g

.

= Sf(x)dx + jt(x)dx -ff(x)dx < (-,'{,- Z{(xn)- f(x)dx)

+ ( of(t(g “f) dx) { 2€.
..4..
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SL/‘M'IONj y bj Ugc'r\lj S()y insteacl of t(x), wejet
1
_’.‘E’_ Zf(xn) — J"c(x)dx > -2€

n-4
iy !
= I W;f("n) = If(")dx ’ (28 = the regult foflous.
= 0

(c) = (b): v’

(b) = (o) ‘[olloods from aPProx:'mah'n the characterrstic

functions of intervals bj continuwous )Cunch'ons from
above ancl below-

a
praof of the &)e(j( Criterion:

X s wniformly clistributect iff Vke 7
N ,
y
N Ze(kxn) —> 0 as N —po (**)

n=1

(.—.—.}) follows from the (emma above.
(&) (==) “mplies that for every tr i
ng nOZnia( PP 1 fZNP(x ':7 ;:jo:znllle{—r;:
/ — — i
N )

Let [e C(IR/Z( : Sf'om-(/u)e:'ersfrass Theorem e
can find a fr{jonomem'c pofynomlal T st llg-Th <¢
[}
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N

1 N
|5 2 100) = Jreoa [ < |5 ) (g0 ") |
+ I ZT(*) j'T(x)dx ] 1 HT(x)ax f(x)dx ,<3£

n=4

for N 203: erm'(:cji-;..I

gome Var:fqr?ts_ K Gcn_erqﬁlgahbns

P

N
Let QCSIR be the uni+ cubc/ X € Q, g VQQ s
another cube,

CPN(V).: |{n$N: X(n)€V} |

VVCQ 2an CPN(V) =m(v)

N — 00

we ga_j that X s um'fOrmlj distributecl .

Thcgrem X is umform( distributed I'F]c

_i_ 2%i(k.x(n)
Z )__.)0 as N __ oo VkGZﬁP"f(o,..,o)}.

Conclugton: «,, .. % €IR {-( %1 ;s,&nearlj
mdcrxndent over Z (nx (<, .-, N ))
€IN

AJni{'Orm/(j Aistriputec! Modq
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Another view:

o<, PGIRI ano(nf' P

T X —> Xtx 3 Then there is only one measur

fzon st st JA) = /4(7‘ (AJ) for alt meantn fu.(

Theaorem: (Weyt)
v = ¥
a(f/@ = (nzd)nle Ag .um,t’ormlj distributed.

Theorem : P(x) = ac’xd + ad.'xd-J-f

+ a,Xxta, rs

a polyno wual with dy2, offo. If at least one of

a,,..5,ad 1sirrq tronal, t—hen (P(n) 'S uni
or Al
distrbutecl ) e f ]

Theorem: Let (a(m ) be a Se?uence of

clis tinct ;‘,ﬁ\ejers, re., a(n)x a(m) when ngm .

The , for olarost all x€IR, (a(n )‘x)n(w IS

.lJMfOFMj distributed.
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De{r'n{h’on: x € (O,f) is said to be normal

iff for anj fego, v ...,5’}
s | e et

10

(,.J/')ere X = oa” ;-

Examples:

1. Cham[xrnowne ('33); 0,12345678910111213 ..
2. Copeland - Erdos ('lu).- 0,23571113192329..

3. pavanort"Erdé's (’51); flge IR[x] st f(n)eN
¥ne IN o o, fC) F()f(s). - s norma.l.

Question:

Let ’:(x)eIR[x] St )c(n)elN YneiN.
Let P,‘ be ith Pr:’me.

Is the number O’F(F')f(f")f(f’-‘)"' normal ?

Theorem: o € (o,1) is normal iff (10" ),e,y S
um'forMIy distributeel -

Question: Find an irrotional number which s

not normal. (Answer: 0,01001000100001 . )

Problem: ﬂnd more norave!l norwal numbers !

( Ae X, e,V3, .. normal 7.)
...g-
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