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Arithmetic
Seminar - 3

H- Gdral
Theorem (von der Waero/en/) (Uzy
S“‘PPOSC that the Pogc'h"vf mtegers are colorec!

Wi {mtffb/ many colors. THhen there are
arbf-t'{ram'\(j lo\ry arithmetic Pr\tjressfan n /oosfh"lrt
m&fﬁers all have the <ame color.

In other words

If 0 ' S, Sis pinite, then for any
k»3 we can fincl a,b (b>,4) so that

]C(o) - g(a*rb) :{(au’ib) _— ]C(aJrkly

Exomple: A= {n‘g: n> 4 cloes not contain

3- term orithmetic Frfjrcsg--t'an.

D e.’[:'M'fl'o n:( p- oclic valua h’orj

et n be a n/onjero P-'Og/t'f'l"\/‘e fntrfjer ancl
P be an arf%'braty Prf'me.

lf n:pmk and P'fk/ then \/P(n)::m.

Properﬁes of p-aclic valuation:
& VP (0) = 00
. \/P(a,b) = Vo (o) +V, (b)
: VP(a+b) 2 rm‘n{\/P(a) ’ \/P(b)}
f Vp(e)# Ve (b), then N, (otb)=minfV, (o), vr(s)}
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Theorem: There are r‘n[;’m'{ey ma())/ Frfmes-
proof: (AIP?je ) ,20{;9

guPPose that there are f;‘m'fe/ aany primes-

lf ¥ 4s the fimte get of primes, hen
+ Y
r 7 ___—,(io,f}x{o,f})
1 7 In
F()= (51 W) )
P

145 o Co(orir\wj. Bj van der \Maerden’s theorem
there are arbt'frarr'\/j [orlj A.P
Let r be larjer’ than the 57uarc o:;,'a\ry prime.
Chooge a Monochroacatic A.P:

a, c:+cf/a+.2d/___/a+,-cf_ (d)f)
Let p be a prise that divides. Then P st
divide ol terous in A.P which ;‘M/ou'es plol.
We claian thet Vp(a) < Vp(d)- Guppoge
that it cloes not holel. tJde hove two cases.
Cased: Vy(a) > Vp(cl) .
Vp (d) = Vp(atd) V() 2.

VP(O -fpd) :.-_VP(G -rd) -ti/{ VP(afd) (moJ:Q )

e controdiction.
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C_'_O_f,.‘g‘_ V () :vp(d)'
SU.PPOSC. thot a:qu, and c!:PmCIf. Then
P’{/‘Orc{{-

. Z/ R As 41-1 and onto.

2.

pccily H<d,

That is, {'or 1<kSPl<r a,-rkdeP(mao(fz)
and VP(G,'ka’f)r"'

\/P(a -rkd) - Vp(o) t1 2 \/P(a)f Vp(a-rkoy (nnod.y

, @ con trodiction.

Hence/ we have the claim .

VP(O) < V(d) I'MPLCQS thot VP(G) :VP(OH:Q
which eans thot a and a+d have the game

{acton‘ ,o{—:‘on/ a controdickion.

Thus " there arc fnp‘m‘&elj Mofj Pr:'/ues-m
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:rFﬂQfMG{JS H1€0f€ff’__1 There are No 4'fcrm AP in

squares In other words, n* n*td, n’t2d n*+3d

can not be all s7uares-

e 3-term AP in squares: 1, 25,49.
/
Theorem: There are :‘np‘m’tclj ,uaily priAses-

proof : ( Gro.n‘V'L'Ue)

Guppoge that there are fimtely muany primes,
P, - pic - AL pogutive :‘nffjers are of the form:

¢ €
A=P1 - Pk , e,':QC’,-Tr,'lwhert r'-efo,f}.

r

Thcn, R - P.,rf-- . Pkk As the s?uart'Frte Par{'-
f (A) =(r1,...,rk) as a colorir:j- That is,
the pogttive mffjers tohoge s7uarc-{ree port is
same are colorecl with game color. %j van der

\Narden s fheortm, A, AtD, A12D /Afzb'

WP —

have thegame aor. R[A  R|A1D , R|A+1D  R|A13D

RID. Let a= A d=D , Then
= R = 3 ,

a/a-rc(/a-fld/ a+3d 45 a 4 -term AP in Stiuoms

which contraclicts with Feradat's HlCOFeM..

._['—
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'S A
Szemereci’s theoren: (1?75)

Fix. §>0 in IK+/ k>3 in 7 I)C N 4s LaUe enonh
then QU Subgc{' A of {‘!/2,-_7{\!} wWith at (east
d N eleuments aust contain a k-teran AP.

Green - Tao theore - (_2004)

The gcf of PrfJ,Les contains arbt,'l‘rarullj lofj AP.

Future Topics :

- 7T(x) = #{ng: P{s Prr;w_
i T g (Tlns s a probahli
X F/ pogzmn: mt Jers

X —> 0O pfime in the gebo

o Prise Nuaber Theorer:

71(x) ~

ij
- Li(x) = f

ﬂ(y =Li(x)+ (g(xiﬂ) & Rieuann

137 t 7/ c:ljpofhega

. gbfrfchletfs theore . : (O,q):i » a,0tq,0at2q, ..

contains m]crm'l’ey /uafj primes -

¢ Erdos - Turan Conjecture: et AC ?4,2, }

Z _g;- = o0 = A contains arb.'trarfU fong AP.

ac A
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