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Associating a graph to an algebraic structure is a research subject in this area and

has gained considerable attention.
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has gained considerable attention.

The research in this subject aims at exposing the relationship between algebra and

graph theory and at advancing the application of one to the other.
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Associating a graph to an algebraic structure is a research subject in this area and

has gained considerable attention.

The research in this subject aims at exposing the relationship between algebra and

graph theory and at advancing the application of one to the other.

The idea of constructing a graph from a algebraic structure was originated by Cayley
in 1878.
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Notations

The following notations are followed in this presentation.

(R,+,.) Commutative ring

0 Additive identity
1 Multiplicative identity
(x) Ideal generated by an element x € R
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Basic concepts

Let R be a commutative ring. A subset / of R is said to be an ideal of R if
(i) (I,+) is a subgroup of (R, +).
(i) rae |l forallaeland r € R.
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Basic concepts

(i) (I,+) is a subgroup of (R, +).

Let R be a commutative ring. A subset / of R is said to be an ideal of R if
(i) rae |l forallae/land r € R.

of all units in R is denoted by U(R).

An element x € R is called a unit if there exists y € R with xy = 1. The collection
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Basic concepts

Definition

Let R be a commutative ring. A subset / of R is said to be an ideal of R if
(i) (1,+) is a subgroup of (R, +).

(i) rae ! forallaeland r € R.

An element x € R is called a unit if there exists y € R with xy = 1. The collection

of all units in R is denoted by U(R).

An element x € R is said to be a zero-divisor if there exists 0 # y € R such that
xy = 0. The set of all zero-divisors in R is denoted by Z(R).
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Basic concepts

Definition

Let R be a commutative ring. A subset / of R is said to be an ideal of R if
(i) (1,+) is a subgroup of (R, +).

(i) rae ! forallaeland r € R.

An element x € R is called a unit if there exists y € R with xy = 1. The collection
of all units in R is denoted by U(R).

An element x € R is said to be a zero-divisor if there exists 0 # y € R such that
xy = 0. The set of all zero-divisors in R is denoted by Z(R).

A non-zero element x € R is said to be regular if x is not a zero-divisor in R. The

set of all regular elements is denoted by Reg(R). i.e., Reg(R) = R — Z(R).
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The zero-divisor graph of a commutative ring

The idea of associating a graph with zero-divisors of a commutative ring was
introduced by |. Beck in 1988.
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The zero-divisor graph of a commutative ring

The idea of associating a graph with zero-divisors of a commutative ring was
introduced by |. Beck in 1988.

He defined a graph with all the elements of a ring as vertices of the graph and two

distinct vertices x and y are adjacent provided xy = 0.
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The zero-divisor graph of a commutative ring

The idea of associating a graph with zero-divisors of a commutative ring was

introduced by |. Beck in 1988.

He defined a graph with all the elements of a ring as vertices of the graph and two

distinct vertices x and y are adjacent provided xy = 0.

In 1999, D. F. Anderson and P. S. Livingston modified the definition of I. Beck as

follows.
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The zero-divisor graph of a commutative ring

The idea of associating a graph with zero-divisors of a commutative ring was

introduced by |. Beck in 1988.

He defined a graph with all the elements of a ring as vertices of the graph and two

distinct vertices x and y are adjacent provided xy = 0.

In 1999, D. F. Anderson and P. S. Livingston modified the definition of I. Beck as

follows.

Definition
The zero-divisor graph of R, denoted by ['(R), as the simple graph whose vertex set is
Z(R)* and such that two distinct vertices x,y € Z(R)™ are adjacent if xy = 0.
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Difference between definitions of |. Beck and D. F. Anderson.
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Difference between definitions of |I. Beck and D. F. Anderson.
Let R = Zs.
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Difference between definitions of I. Beck and D. F. Anderson.
Let R = Zs.

Then Z(R) = {0,2,3,4}.
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Difference between definitions of |I. Beck and D. F. Anderson.

Let R = Zs.

Then Z(R) = {0,2,3,4}.

5
I. Beck

D. F. Anderson
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[ ] o—°

I(Zs) or F(Z(i[zx)]) [(Zo), [(Z2 % Z2) of r(%x)l)
M(Zs), T(Zs) or (%) M) or (k)

Figure: Zero-divisor graphs of rings of order less than three
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[(Z2 x IF4) (Zs x Zs3) M(Zas) or F(%H))

Figure: Zero-divisor graphs of rings of order four
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@ The graph P4, the path of 4 vertices, cannot be realized as ['(R).
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@ The graph P, the path of 4 vertices, cannot be realized as I'(R).

@ Let P4 be the graph with vertices {a, b, ¢, d} and edges a— b, b — c¢,c — d.
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@ The graph P, the path of 4 vertices, cannot be realized as I'(R).
@ Let P4 be the graph with vertices {a, b, ¢, d} and edges a— b, b — c¢,c — d.
@ Suppose that there is a ring R with Z(R) = {0, a, b, c,d} and ab= bc = cd =0

and no other product is zero.
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@ The graph P, the path of 4 vertices, cannot be realized as I'(R).
@ Let P4 be the graph with vertices {a, b, ¢, d} and edges a— b, b — c¢,c — d.
@ Suppose that there is a ring R with Z(R) = {0, a, b, c,d} and ab= bc = cd =0

and no other product is zero.

@ Then a+ c € Z(R) since (a+ c)b =0 and so a+ ¢ must be either 0, a, b, ¢, or d.
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The graph Ps, the path of 4 vertices, cannot be realized as ['(R).
Let Ps be the graph with vertices {a, b, c,d} and edges a— b, b — c¢,c — d.
Suppose that there is a ring R with Z(R) = {0,a,b,c,d} and ab=bc =cd =0

and no other product is zero.
Then a+ c € Z(R) since (a+ ¢)b =0 and so a+ ¢ must be either 0, a, b, c, or d.

a+ ¢ = b as the only possibility.
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The graph Ps, the path of 4 vertices, cannot be realized as ['(R).
Let Ps be the graph with vertices {a, b, c,d} and edges a— b, b — ¢,c — d.
Suppose that there is a ring R with Z(R) = {0,a,b,c,d} and ab=bc =cd =0

and no other product is zero.

Then a+ c € Z(R) since (a+ ¢)b =0 and so a+ ¢ must be either 0, a, b, c, or d.
a+ ¢ = b as the only possibility.

(fat+c=0ad+cd=0;ad=0.ifa+c=d; ab+ cb=db; bd =0.)
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The graph Ps, the path of 4 vertices, cannot be realized as ['(R).
Let Ps be the graph with vertices {a, b, c,d} and edges a— b, b — ¢,c — d.
Suppose that there is a ring R with Z(R) = {0,a,b,c,d} and ab=bc =cd =0

and no other product is zero.

Then a+ c € Z(R) since (a+ ¢)b =0 and so a+ ¢ must be either 0, a, b, c, or d.
a+ ¢ = b as the only possibility.

(fat+c=0ad+cd=0;ad=0.ifa+c=d; ab+ cb=db; bd =0.)

Similarly b+d =c. Hence b=a+c=a+ b+ d;soa+d=0. Thus
bd = b(—a) = 0, a contradiction.
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r(Zz X Z7) F(Z3 X Zf,)

Figure: Complete bipartite zero-divisor graphs
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(@). T(Z2 x Za) and T (Za x Zo[x]/(x?)) (b). T(Z2 x Zp x Z»)

Figure: Zero-divisor graphs on 5 and 6 vertices
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(a). T(Zs x Za) and T (Zs x Z2[x]/(x*)) (b). T(Z16). T(Z2[x]/(x*)). T (Zalx]/ (x* + 2)),
T (Za[x]/(x* + 2x + 2)) and T(Za[x]/(x® — 2,2x2, 2x))

Figure: Zero-divisor graphs on 7 vertices
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(@. T(Zalx, y1/(x*, xy, ¥*)), T (Zs[x]/ (2%, x%)), (b). T(Za[x]/(x* + 2x)), T (Zs[x]/(2x, x* + 4)),
(Za[x]/(x3,2x2,2x)) and [(Za[x, y]/(x?,y? — xy)) and

T(Za[x, y]/(x* = 2,xv,¥%,2x, 2y)). [(Zalx, y]/(x%, y? — xy, xy — 2,2x,2y)).

Figure: Zero-divisor graphs on 7 vertices
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Let R be a commutative ring. Then ['(R) is finite if and only if either R is finite or an
integral domain. In particular, if 1 < T(R) < oo, then R is finite and not a field.
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Let R be a commutative ring. Then ['(R) is finite if and only if either R is finite or an
integral domain. In particular, if 1 < T(R) < oo, then R is finite and not a field.
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Let R be a commutative ring. Then ['(R) is finite if and only if either R is finite or an
integral domain. In particular, if 1 < T(R) < oo, then R is finite and not a field.
@ Suppose that ['(R) is finite and nonempty.
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Let R be a commutative ring. Then ['(R) is finite if and only if either R is finite or an
integral domain. In particular, if 1 < T(R) < oo, then R is finite and not a field.
@ Suppose that ['(R) is finite and nonempty.
@ Then there are nonzero x,y € R with xy = 0.
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Let R be a commutative ring. Then ['(R) is finite if and only if either R is finite or an
integral domain. In particular, if 1 < T(R) < oo, then R is finite and not a field.
@ Suppose that ['(R) is finite and nonempty.
@ Then there are nonzero x,y € R with xy = 0.
9 Let | = ann(x).
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Let R be a commutative ring. Then ['(R) is finite if and only if either R is finite or an
integral domain. In particular, if 1 < T(R) < oo, then R is finite and not a field.

@ Suppose that ['(R) is finite and nonempty.

@ Then there are nonzero x,y € R with xy = 0.

@ Let | = ann(x).

@ Then | C Z(R) is finite and ry € | for all r € R.

=] F = E E DHaw
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Theorem:

Let R be a commutative ring. Then ['(R) is finite if and only if either R is finite or an
integral domain. In particular, if 1 < T(R) < oo, then R is finite and not a field.

Proof:
@ Suppose that ['(R) is finite and nonempty.

@ Then there are nonzero x,y € R with xy = 0.
9 Let | = ann(x).
@ Then | C Z(R) is finite and ry € | for all r € R.

o If R is infinite, then there is an i € [ with J = {r € R : ry = i} infinite.
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Theorem:
Let R be a commutative ring. Then ['(R) is finite if and only if either R is finite or an
integral domain. In particular, if 1 < T(R) < oo, then R is finite and not a field.

Proof:
@ Suppose that ['(R) is finite and nonempty.

@ Then there are nonzero x,y € R with xy = 0.

9 Let | = ann(x).

¢

Then | C Z(R) is finite and ry € [ for all r € R.

@ If R is infinite, then there is an i € [ with J = {r € R : ry = i} infinite.

@ Forany r,s € J, (r —s)y =0, so ann(y) C Z(R) is infinite, a contradiction.
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In recent years, many research articles have been published on zero graphs of rings.
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In recent years, many research articles have been published on zero graphs of rings.

Moreover, Zero divisor graphs were defined and studied for non-commutative rings,

near rings, semi-groups, modules, lattices and posets.
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The total graph of a commutative ring

In 2008, D. F. Anderson and A. Badwai introduced a new graph called the total graph of

a commutative ring.

Definition

The total graph of R, denoted by Tr(R), is the undirected simple graph with all the
elements of R as vertices and for distinct vertices x and y are adjacent if x + y € Z(R).
The two induced subgraphs with vertex set Z(R) and Reg(R) are denoted by Z-(R) and
Regr(R) respectively.
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Tr(Zs) is given below:

Consider the ring R = Ze. Then Z(R) = {0,2, 3,4} and the corresponding total graph
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Tr(Zs) is given below:

Consider the ring R = Ze. Then Z(R) = {0,2, 3,4} and the corresponding total graph

Tr(Zs)
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The total graph of a local ring Zg.

0

N

o]

Figure 3.2: Tr(Zo)
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Consider the ring R = Z1s. Then Z(R) = {0,3,5,6,9,10,12}. l

Graphs from rings
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Consider the ring R = Z1s. Then Z(R) = {0,3,5,6,9,10,12}.
0 1 4 7, 10 13
12
6 5 8 11 4
Tr(Zas)
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Basic properties of the total graph of a commutative ring
Tr(R) is regular?
No.
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Basic properties of total graph

Tr(R) is regular?

Basic properties of the total graph of a commutative ring
No.

What is the degree of a vertex in Tr(R)?
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Basic properties of total graph

Basic properties of the total graph of a commutative ring

Tr(R) is regular?
No.

What is the degree of a vertex in Tr(R)?

Every v € V(Tr(R)) is adjacent to {z — v : z € Z(R)}.
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Basic properties of total graph

Basic properties of the total graph of a commutative ring
Tr(R) is regular?
No.
What is the degree of a vertex in Tr(R)?
Every v € V(Tr(R)) is adjacent to {z — v : z € Z(R)}.

deg(v) = |Z(R)|?. — No.
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Basic properties of total graph

Basic properties of the total graph of a commutative ring

Tr(R) is regular?
No.

What is the degree of a vertex in Tr(R)?
Every v € V(Tr(R)) is adjacent to {z — v : z € Z(R)}.
deg(v) = |Z(R)|?. — No.

Since we are avoiding the loops in Tr(R), deg(v) = |Z(R)| — 1 whenever 2v € Z(R).
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Basic properties of total graph

Basic properties of the total graph of a commutative ring

Tr(R) is regular?
No.

What is the degree of a vertex in Tr(R)?
Every v € V(Tr(R)) is adjacent to {z — v : z € Z(R)}.
deg(v) = |Z(R)|?. — No.

Since we are avoiding the loops in Tr(R), deg(v) = |Z(R)| — 1 whenever 2v € Z(R).

1Z(R)| —1 if 2v e Z(R)
deg(v) =
1Z(R)| if 2v ¢ Z(R).
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[H. R. Maimani et al.] (Rocky Mountain J. Math.) Let R be a finite commutative ring
and Z(R) be the set of all zero-divisors in R. Then the following are true:
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P e ol il e
[H. R. Maimani et al.] (Rocky Mountain J. Math.) Let R be a finite commutative ring

and Z(R) be the set of all zero-divisors in R. Then the following are true:

(i) If2 € Z(R), then deg(v) = |Z(R)| — 1 for every v € V(Tr(R)).
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Basic properties of total graph

Lemma
[H. R. Maimani et al.] (Rocky Mountain J. Math.) Let R be a finite commutative ring
and Z(R) be the set of all zero-divisors in R. Then the following are true:
(i) If2 € Z(R), then deg(v) = |Z(R)| — 1 for every v € V(Tr(R)).
(ii) If2 ¢ Z(R), then deg(v) = |Z(R)| — 1 for every v € Z(R) and deg(v) = |Z(R)| for
every vertex v ¢ Z(R).

v
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Tr(R) is connected?
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Tr(R) is connected?
No.
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Tr(R) is connected?
No.

When Tr(R) is not connected?
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The case when Z(R) is an ideal of R
Assume that Z(R) is an ideal of R.
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Basic properties of total graph

The case when Z(R) is an ideal of R

Assume that Z(R) is an ideal of R.

The sum of any two element of Z(R) is an element of Z(R).
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Basic properties of total graph

The case when Z(R) is an ideal of R

Assume that Z(R) is an ideal of R.
The sum of any two element of Z(R) is an element of Z(R).

The subgraph induced by Z(R) in Tr(R) is complete. i.e., Zr(R) is complete.
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Basic properties of total graph

The case when Z(R) is an ideal of R

Assume that Z(R) is an ideal of R.

The sum of any two element of Z(R) is an element of Z(R).

The subgraph induced by Z(R) in Tr(R) is complete. i.e., Zr(R) is complete.
To Prove: Zr(R) is disjoint from Regr(R)
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Basic properties of total graph

The case when Z(R) is an ideal of R

Assume that Z(R) is an ideal of R.

The sum of any two element of Z(R) is an element of Z(R).

The subgraph induced by Z(R) in Tr(R) is complete. i.e., Zr(R) is complete.
To Prove: Zr(R) is disjoint from Regr(R)

Suppose not, x € Z(R) is adjacent to r € Reg(R) in Tr(R).

T. Asir (M. K. University) Graphs from rings 16 December, 2023

23 /61



Basic properties of total graph

The case when Z(R) is an ideal of R

Assume that Z(R) is an ideal of R.

The sum of any two element of Z(R) is an element of Z(R).

The subgraph induced by Z(R) in Tr(R) is complete. i.e., Zr(R) is complete.
To Prove: Zr(R) is disjoint from Regr(R)

Suppose not, x € Z(R) is adjacent to r € Reg(R) in Tr(R).

Then x + r = z for some z € Z(R).
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Basic properties of total graph

The case when Z(R) is an ideal of R

Assume that Z(R) is an ideal of R.

The sum of any two element of Z(R) is an element of Z(R).

The subgraph induced by Z(R) in Tr(R) is complete. i.e., Zr(R) is complete.
To Prove: Zr(R) is disjoint from Regr(R)

Suppose not, x € Z(R) is adjacent to r € Reg(R) in Tr(R).

Then x + r = z for some z € Z(R).

x+r=z=x+(z—x), r=z— x, a contradiction.
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Basic properties of total graph

The case when Z(R) is an ideal of R

Assume that Z(R) is an ideal of R.
The sum of any two element of Z(R) is an element of Z(R).
The subgraph induced by Z(R) in Tr(R) is complete. i.e., Zr(R) is complete.
To Prove: Zr(R) is disjoint from Regr(R)
Suppose not, x € Z(R) is adjacent to r € Reg(R) in Tr(R).
Then x + r = z for some z € Z(R).
x+r=z=x+(z—x), r=z— x, a contradiction.
Theorem

[D. F. Anderson et al.] (J. Algebra) Let R be a commutative ring and Z(R) is an ideal of
R. Then Zr(R) is a complete subgraph of Tr(R) and Zr(R) is disjoint from Regr(R).
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Basic properties of total graph

The case when Z(R) is an ideal of R

Assume that Z(R) is an ideal of R.
The sum of any two element of Z(R) is an element of Z(R).
The subgraph induced by Z(R) in Tr(R) is complete. i.e., Zr(R) is complete.
To Prove: Zr(R) is disjoint from Regr(R)
Suppose not, x € Z(R) is adjacent to r € Reg(R) in Tr(R).
Then x + r = z for some z € Z(R).
x+r=z=x+(z—x), r=z— x, a contradiction.
Theorem

[D. F. Anderson et al.] (J. Algebra) Let R be a commutative ring and Z(R) is an ideal of
R. Then Zr(R) is a complete subgraph of Tr(R) and Zr(R) is disjoint from Regr(R).

Thus Tr(R) is disconnected whenever Z(R) is an ideal of R.
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Basic properties of total graph

Structure theorem of Tr(R) when Z(R) is an ideal of R.

Theorem

[D. F. Anderson et al.] (J. Algebra) Let R be a commutative ring such that Z(R) is an
ideal of R, and let |Z(R)| = X\ and |R/Z(R)| = p.

KaUKyUK\yU...UK)\ If2€Z(R)
T (R) o (u—1) copies
T =
KAUK)\,)\UK)\7>\U...UK)\7)\ If2¢Z(R)
(“;1) copies
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Case 1: Assume that 2 € Z(R).
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Case 1: Assume that 2 € Z(R).
Let r € Reg(R).



Basic properties of total graph

Case 1: Assume that 2 € Z(R).
Let r € Reg(R).

Then each coset r + Z(R) is a complete subgraph of Regr(R).
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Basic properties of total graph

Case 1: Assume that 2 € Z(R).
Let r € Reg(R).
Then each coset r + Z(R) is a complete subgraph of Regr(R).

(r+z)+(r+z)=2r+z1+2 € Z(R) for all z1,z € Z(R)]
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Basic properties of total graph

Case 1: Assume that 2 € Z(R).

Let r € Reg(R).

Then each coset r + Z(R) is a complete subgraph of Regr(R).
(r+z)+(r+z)=2r+z1+2 € Z(R) for all z1,z € Z(R)]

To Prove: distinct cosets form disjoint subgraphs of Regr(R)
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Basic properties of total graph

Case 1: Assume that 2 € Z(R).

Let r € Reg(R).

Then each coset r + Z(R) is a complete subgraph of Regr(R).
(r+z)+(r+z)=2r+z1+2 € Z(R) for all z1,z € Z(R)]

To Prove: distinct cosets form disjoint subgraphs of Regr(R)

Suppose r + z1 and s + z are adjacent for some s € Reg(R) and z1,z € Z(R)
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Then each coset r + Z(R) is a complete subgraph of Regr(R).
(r+z)+(r+z)=2r+z1+2 € Z(R) for all z1,z € Z(R)]

To Prove: distinct cosets form disjoint subgraphs of Regr(R)

Suppose r + z1 and s + z, are adjacent for some s € Reg(R) and z1,z € Z(R)

Then (r + z1) + (s + z) € Z(R) and so
r+s=(r+z)+(s+2z)—(z+2z)ecZ(R)
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Basic properties of total graph

Case 1: Assume that 2 € Z(R).

Let r € Reg(R).

Then each coset r + Z(R) is a complete subgraph of Regr(R).
(r+z)+(r+z)=2r+z1+2 € Z(R) for all z1,z € Z(R)]

To Prove: distinct cosets form disjoint subgraphs of Regr(R)

Suppose r + z1 and s + z, are adjacent for some s € Reg(R) and z1,z € Z(R)

Then (r + z1) + (s + z) € Z(R) and so
r+s=(r+z)+(s+2z)—(z+2z)ecZ(R)

r—s=(r+s)—2se€Z(R), r+Z(R)=s+ Z(R).
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Basic properties of total graph

Case 1: Assume that 2 € Z(R).

Let r € Reg(R).

Then each coset r + Z(R) is a complete subgraph of Regr(R).
(r+z)+(r+z)=2r+z1+2z € Z(R) for all z1,z € Z(R)]

To Prove: distinct cosets form disjoint subgraphs of Regr(R)

Suppose r + z; and s + z are adjacent for some s € Reg(R) and z1,z € Z(R)

Then (r + z1) + (s + z) € Z(R) and so
r+s=(r+z)+(s+2z)—(z+2z)ecZ(R)

r—s=(r+s)—2s€Z(R), r+ Z(R)=s+ Z(R).

Thus Regr(R) is the union of p — 1 disjoint complete subgraphs.
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Case 2: Assume that 2 ¢ Z(R).
Let r € Reg(R).



Basic properties of total graph

Case 2: Assume that 2 ¢ Z(R).
Let r € Reg(R).

No two distinct elements in r + Z(R) are adjacent.
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Basic properties of total graph

Case 2: Assume that 2 ¢ Z(R).
Let r € Reg(R).
No two distinct elements in r + Z(R) are adjacent.

(r+z)+(r+2z)=2r+z1+2 € Z(R) for z1, € Z(R), 2r € Z(R), 2 € Z(R)]
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Basic properties of total graph

Case 2: Assume that 2 ¢ Z(R).

Let r € Reg(R).

No two distinct elements in r + Z(R) are adjacent.
(r+z)+(r+2z)=2r+z1+2 € Z(R) for z1, € Z(R), 2r € Z(R), 2 € Z(R)]

The two cosets r + Z(R) and —r + Z(R) are disjoint and (r + Z(R)) U (—r + Z(R))

is a complete bipartite subgraph.
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Basic properties of total graph

Case 2: Assume that 2 ¢ Z(R).

Let r € Reg(R).

No two distinct elements in r + Z(R) are adjacent.
(r+z)+(r+2z)=2r+z1+2 € Z(R) for z1, € Z(R), 2r € Z(R), 2 € Z(R)]

The two cosets r + Z(R) and —r + Z(R) are disjoint and (r + Z(R)) U (—r + Z(R))

is a complete bipartite subgraph.

If r + z is adjacent to s + z» for some s € Reg(R) and z1,z € Z(R).
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Basic properties of total graph

Case 2: Assume that 2 ¢ Z(R).

Let r € Reg(R).

No two distinct elements in r + Z(R) are adjacent.
(r+z)+(r+2z)=2r+z1+2 € Z(R) for z1, € Z(R), 2r € Z(R), 2 € Z(R)]

The two cosets r + Z(R) and —r + Z(R) are disjoint and (r + Z(R)) U (—r + Z(R))

is a complete bipartite subgraph.
If r + z is adjacent to s + z» for some s € Reg(R) and z1,z € Z(R).

Then r+s=(r+z1) + (s + z) — (z1 + ) € Z(R) and hence
s+Z(R) = —r+ Z(R).
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Basic properties of total graph

Case 2: Assume that 2 ¢ Z(R).

Let r € Reg(R).

No two distinct elements in r + Z(R) are adjacent.
(r+z)+(r+2z)=2r+zi+2 € Z(R) for z1, € Z(R), 2r € Z(R), 2 € Z(R)]

The two cosets r + Z(R) and —r 4+ Z(R) are disjoint and (r + Z(R)) U (—r + Z(R))

is a complete bipartite subgraph.
If r + z is adjacent to s + z» for some s € Reg(R) and z1,z € Z(R).

Then r+s=(r+z1) + (s + z) — (z1 + ) € Z(R) and hence
s+Z(R) = —r+ Z(R).

1

Thus Regr(R) is the union of “7= disjoint complete bipartite subgraphs.
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Basic properties of total graph

The study of Tr(R) breaks naturally into two cases depending on whether Z(R) is

an ideal of R or not an ideal of R.
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Basic properties of total graph

The study of Tr(R) breaks naturally into two cases depending on whether Z(R) is

an ideal of R or not an ideal of R.

The case when Z(R) is not an ideal of R
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Basic properties of total graph

The study of Tr(R) breaks naturally into two cases depending on whether Z(R) is

an ideal of R or not an ideal of R.

The case when Z(R) is not an ideal of R

Zr(R) is always connected; but never complete.
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Basic properties of total graph

The study of Tr(R) breaks naturally into two cases depending on whether Z(R) is

an ideal of R or not an ideal of R.

The case when Z(R) is not an ideal of R

Zr(R) is always connected; but never complete.

(0 is adjacent to all zero divisors; there are distinct x,y € Z(R) such that
x+y € Reg(R))
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Basic properties of total graph

The study of Tr(R) breaks naturally into two cases depending on whether Z(R) is

an ideal of R or not an ideal of R.

The case when Z(R) is not an ideal of R

Zr(R) is always connected; but never complete.

(0 is adjacent to all zero divisors; there are distinct x,y € Z(R) such that
x+y € Reg(R))

Zr(R) and Regr(R) are never disjoint subgraphs of Tr(R).
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Basic properties of total graph

The study of Tr(R) breaks naturally into two cases depending on whether Z(R) is

an ideal of R or not an ideal of R.

The case when Z(R) is not an ideal of R

Zr(R) is always connected; but never complete.

(0 is adjacent to all zero divisors; there are distinct x,y € Z(R) such that
x+y € Reg(R))

Zr(R) and Regr(R) are never disjoint subgraphs of Tr(R).
(—x+(x+y)=y € Z(R), —x € Z(R) and x + y € Reg(R) are adjacent)
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Basic properties of total graph

The study of Tr(R) breaks naturally into two cases depending on whether Z(R) is

an ideal of R or not an ideal of R.

The case when Z(R) is not an ideal of R

Zr(R) is always connected; but never complete.

(0 is adjacent to all zero divisors; there are distinct x,y € Z(R) such that
x+y € Reg(R))

Zr(R) and Regr(R) are never disjoint subgraphs of Tr(R).
(—x+(x+y)=y € Z(R), —x € Z(R) and x + y € Reg(R) are adjacent)

Thus Tr(R) is connected whenever Regr(R) is connected.
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[D. F. Anderson et al.] (J. Algebra) Let R be a commutative ring and Z(R) is not an
ideal of R. Then Tr(R) is connected if and only if (Z(R)) = R.
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= Suppose Tr(R) is connected.
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= Suppose Tr(R) is connected.

[D. F. Anderson et al.] (J. Algebra) Let R be a commutative ring and Z(R) is not an
ideal of R. Then Tr(R) is connected if and only if (Z(R)) = R.

There is a path0 — by — by-+-+ — b, — 1 from 0 to 1 in Tr(R).
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= Suppose Tr(R) is connected.

[D. F. Anderson et al.] (J. Algebra) Let R be a commutative ring and Z(R) is not an
ideal of R. Then Tr(R) is connected if and only if (Z(R)) = R.

There is a path 0 — by — by--- — by, — 1 from 0 to 1 in Tr(R).
bl,bl+b2,-- 7bn71+bn,bn+1€Z(R).
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Basic properties of total graph

Theorem

[D. F. Anderson et al.] (J. Algebra) Let R be a commutative ring and Z(R) is not an
ideal of R. Then Tr(R) is connected if and only if (Z(R)) = R.

=: Suppose Tr(R) is connected.
There is a path0 — by — by-+-+ — b, — 1 from 0 to 1 in Tr(R).
by, by + bay ..., o1 + bn, by +1 € Z(R).

Hence 1 € (b1, b1 + b2, ey bn_1+ b,,7 b, + 1) - (Z(R)),
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Basic properties of total graph

Theorem
[D. F. Anderson et al.] (J. Algebra) Let R be a commutative ring and Z(R) is not an
ideal of R. Then Tr(R) is connected if and only if (Z(R)) = R.

=: Suppose Tr(R) is connected.

There is a path0 — by — by-++ — b, — 1 from 0 to 1 in Tr(R).
bi,bi+ ba, ..., by1+ by, by+1 € Z(R).

Hence 1 € (b1, by + b2, ..., bo—1+ by, bn + 1) C (Z(R));

So R = (Z(R)).
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<=: Suppose R = (Z(R)).
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<=: Suppose R = (Z(R)).

Let 0 # x € R. Then x = a1 + ...+ a, for some a1,...,a, € Z(R).
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Basic properties of total graph

<=: Suppose R = (Z(R)).
Let 0# x € R. Then x = a1 + ...+ a, for some ay,...,a, € Z(R).

Let bp =0 and by = (—1)" ™ (a1 +... +ax) for L< k< n—1.
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Basic properties of total graph

<=: Suppose R = (Z(R)).
Let 0# x € R. Then x = a1 + ...+ a, for some ay,...,a, € Z(R).
Let bp =0 and by = (—1)" ™ (a1 +... +ax) for L< k< n—1.

bk + bky1 = (71)"+k“ak+1 S Z(R);

T. Asir (M. K. University) Graphs from rings 16 December, 2023

29 / 61



Basic properties of total graph

<=: Suppose R = (Z(R)).

Let 0# x € R. Then x = a1 + ...+ a, for some ay,...,a, € Z(R).
Let bp =0 and by = (—1)" ™ (a1 +... +ax) for L< k< n—1.

by + b1 = (=1)" M ar, € Z(R);

Thus 0 — by — by - -+ — b, = x is a path from 0 to x in Tr(R).
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Basic properties of total graph

<=: Suppose R = (Z(R)).

Let 0# x € R. Then x = a1 + ...+ a, for some ay,...,a, € Z(R).
Let bp =0 and by = (—1)" ™ (a1 +... +a) for L< k< n—1.

by + by = (=1)" M ar, € Z(R);

Thus 0 — by — by--- — b, = x is a path from 0 to x in Tr(R).

Hence there is a path between any two vertex via 0.

T. Asir Graphs from rings 22 October, 2025

29 / 61



connected.

If R is a finite commutative ring such that Z(R) is not an ideal of R, then Tr(R) is
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.~ Basicpropertiesoftotalgraph
connected.

If R is a finite commutative ring such that Z(R) is not an ideal of R, then Tr(R) is

There are distinct x,y € Z(R) such that x + y € Reg(R).
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connected.

If R is a finite commutative ring such that Z(R) is not an ideal of R, then Tr(R) is

There are distinct x,y € Z(R) such that x + y € Reg(R).

Note that every regular element of a finite commutative ring is a unit.
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connected.

If R is a finite commutative ring such that Z(R) is not an ideal of R, then Tr(R) is

There are distinct x,y € Z(R) such that x + y € Reg(R).

Note that every regular element of a finite commutative ring is a unit.
Thus R = (x,y).
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Genus of Ideal based total graph
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